RANKS OF F-LIMITS OF FILTER SEQUENCES
ADAM KWELA AND IRENEUSZ RECLAW

ABSTRACT. We give an exact value of the rank of an F-Fubini sum of
filters for the case where F is a Borel filter of rank 1. We also consider
F-limits of filters F;, which are of the form

li}r_nfi:{ACX:{iGI:AGfi}Gf}.
We estimate the ranks of such filters; in particular we prove that they

can fall to 1 for F as well as for F; of arbitrarily large ranks. At the end
we prove some facts concerning filters of countable type and their ranks.

1. INTRODUCTION

Let I be a countable set. A family of sets F C P([) is a filter on [ if
it is closed under taking finite intersections and supersets. Throughout this
paper we denote

A" ={ACIl:1\Aec A},

for a family A C P(I). If F is a filter on I, then F* is an ideal (i.e., a
family closed under taking finite unions and subsets) called the dual ideal
of the filter F. We denote Fin = [w]™ and Fp, = Fin*. Clearly Fin is
an ideal and Fp, is its dual filter, called the Fréchet filter. We say that
B is a basis which generates filter F if F = {M : 3gepB C M }. In the
sequel we treat filters and ideals on X as subsets of the Cantor space (by
canonical identification, P(X) ~ 2%), so we can speak about the descriptive
complexity of filters and ideals.

Consider two subsets A and B of a Polish space X and a family of sets
I' € P(X). We say that A is I'-separated from B if there exists a subset
S C X inT for which AcC Sand BNS = (.

The rank of an analytic filter F is the ordinal

rk(F) = min {o < wy : F is ¥, ,-separated from F*} .

By the Lusin Separation Theorem (cf. [7]), every analytic filter has countable
rank. The concept of filter rank was introduced by Debs and Saint Raymond
[1], although it was also studied by Solecki [11] in the context of a question
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raised by Dobrowolski and Marciszewski [2]. Clearly, for every filter F its
rank rk(F) is unique.

Let (X, p) be a metric space and F be a filter on a countable set 1. A
sequence (z;);e; € X' is convergent to z € X relatively to F (v = F—lim z;)
if for every € > 0 we have

{iel:plz;,zx)<e}elF.

We write f = F — lim f; and say that function f: X — R is a limit of the
sequence of functions (f; : X — R);¢s relatively to F if f(z) = F —lim f;(z)
for each z € X. By Cx(X) we denote the family of all real-valued functions
on the space X, which can be represented as a limit relatively to F of a
sequence of continuous functions. By B,(X) we denote the family of all
real-valued functions on the space X of Borel class o < wy, i.e., functions
f: X — Rsuch that f~'[U] € XY, , for any open subset U of R.

Filter rank appears to play a fundamental role in studying the class of
pointwise limits relatively to a filter of sequences of continuous functions.
This is apparent from the following theorem of Debs and Saint Raymond

[1]:

Theorem 1.1. Let F be an analytic filter and o < wy be a countable ordinal.
Then
(X) C B, (X) for any Polish space X if and only if rk(F) < a.
(b) Cx(X) D By (X) for any zero-dimensional Polish space X if and only
a

(c) Cr(X) = By (X) for any zero-dimensional Polish space X if and only
if tk(F) = a.

If (X;),c; is a family of sets, then we denote by X;c;X; its disjoint sum,
i.e., the set of all pairs (i, ) where i € [ and x € Xj.
Recall that for a filter G on I and a family of filters (F;)
of all sets of the form
Y R,

ieG
for G € G and F; € F; constitutes a basis of a filter on the set ) ., dom (F;).
We denote this filter by G — > ., F; and call it the G-Fubini sum of the
family (F;),c;. In particular, if all F; are the same filter F, then we get the
product of filters G x F.
Debs and Saint Raymond [1, Prop. 4.4] studied ranks of F-Fubini sums
obtaining the following results:

ser» @ collection
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Theorem 1.2. Let G be the F-Fubini sum of (F;);c; and J C I be an
element of the filter F.

(a) If tk(F) > a and tk(F;) > € for alli € J, then tk(G) > £ + a.

(b) If rk(F) < a and vk(F;) <& for alli € J, thentk(G) < £+ 1+ a.

(c) If F = Fp, and vk(F;) < & for alli € J, then tk(G) < € + 1.

Let F be a filter on a set I and (F;),.; be a family of filters on X. Then
1in}fi:{AcX:{z'eI:Ae]i}ef}

is a filter on X. We call it the F-limit of filters (F;), ., and sometimes denote
it also by limz F;. The F-limits were studied by Fremlin [4] in the context
of filters of countable type.

Our goal is to prove estimates similar to those in Theorem 1.2 for F-
limits. In particular, we give an upper estimate of the ranks of such limits
(Theorem 3.5). This enables us to improve part (b) of Theorem 1.2 when
F is a Borel filter of rank 1 (Corollary 3.6).

The lower estimate of the ranks of F-limits cannot be obtained in the
way presented above. Namely, we prove that the rank of an F-limit can be
equal to 1, even for F and F; of arbitrarily large ranks (Theorem 4.5).

2. PRELIMINARIES

2.1. Basic properties of filters. A filter F is free if (| F = (). It is prin-
cipal if it is of the form

Fe={ACI:ECA},

for a certain subset E C I. Maximal filters are called ultrafilters. They can
be characterized by the following condition: A filter F is an ultrafilter if and
only if for each A either A € F or X \ A € F. All principal ultrafilters are
of the form
f{I}z{AC]:xEA},

for a certain x € I. If A\ B is finite, then we write A C* B and say that A
is almost contained in B. Recall that filter F is a P-filter if for every family
{A, :n € w} of sets in F there is a single set A € F such that A C* A,
for all n € w. Two filters F and G are isomorphic provided that there is a
bijection ¢ : dom(G) — dom(F) such that for all A C dom(F)

Ae FeolAled.

If F and G are filters, then a quasi-homomorphism from F to G is a mapping
7 F' — dom (G) where F' € F, such that for each G € G its preimage under
7 belongs to F (i.e., 7 '[G] € F).
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2.2. Properties of filter rank.

Proposition 2.1. Filter rank has the following properties:
o 1k(F) = min {o < wy : F is 119, ,-separated from F*}.
o [f F and G are filters and F C G, then rk(F) < rk(G).
e A filter is of rank 0 if and only if it is not free.
o If there exists a quasi-homomorphism from F to G, then tk(G) <
rk(F).

e Two isomorphic filters have the same rank.

The first property in the above Proposition is a simple consequence of
the fact that the canonical involution A — A€ is a homeomorphism. Proofs
of the remaining properties can be found in [1].

2.3. Katétov filters. For o < w, Katétov filters NV, are defined inductively
by:

e Ny = {{0}} is a unique filter on the set {0},

o Nov1 = Frr X Na,

The idea of such filters comes from Katétov ([6]) and Grimeisen ([5]),
who worked on this problem independently. Note that actually N; is the
Fréchet filter Fr, and N, is the dual filter of the well known and extensively
studied ideal F'in x Fin. These filters play fundamental role in the theory
of ranks of filters, which follows from:

Theorem 2.2. [1, Thm. 6.5]
For every a < w, the filter N, has rank o« (and therefore generates the
Borel class B, (X), for any zero-dimensional Polish space X i.e., Cpr, (X) =

Bo (X)).

2.4. Isomorphic copies of filters. Let F and G be filters. We shall write
F C G and say that G contains an isomorphic copy of F if there exists
a bijection o : dom(F) — dom(G) such that o(A) € G for every element
AeF.

For two given filters F and G, if F C G, then rk(F) < rk(G) [1, Lem.
7.2].

Theorem 2.3. For a € {1,2}, an analytic filter F is of rank greater than
or equal to « if and only if it contains an isomorphic copy of Ny.

The proof can be found in [1, Prop. 7.3 and Thm. 7.5]. Also in [8, Thm.
4] the authors prove a similar result, but with an additional assumption:
that F is Borel.
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2.5. Filters of countable type. The idea of filters of countable type was
introduced by Mauldin, Preiss and Weizsdcker in [10]. The family of filters
of countable type on X is the smallest class of filters on X containing the
principal ultrafilters and closed under the operations of countable intersec-
tion and increasing countable union. The theory of filters of countable type
was studied also by Fremlin, who gave the following equivalent definition
4]:

Definition 2.4. We define families §, inductively:
e 3§ is the family of all principal ultrafilters on X.
® §, is the family of all filters on X, which are equal to lim; .z, F;,
where F; € U5<a §e for every i € w.
Then §c = U, <w, Ba is the set of all filters of countable type.
Moreover, for a filter F of countable type ct(F) = min {a < w; : F € Fa}-

3. THE UPPER ESTIMATE OF THE RANKS OF LIMITS OF FILTER
SEQUENCES

In this Section we investigate the ranks of F-limits of filters. We can

estimate from above the Borel class and ranks of limits of filters.

Proposition 3.1. Let F be a filter on I and (F;),c; be a family of filters
on X. Let also Fg denote Zg or Hg.

a) Suppose that there is J € F such that for each i € J we have F; € ng
for a certain B; < 8. If F € IV, then limz F; € Y, 5.

b) Suppose that there is J € F such that for each i € J we have rk(F;) < f3.
If tk(F) < a, then rtk (limz F;) < f+ 1+ a.

Proof. In order to prove part a) we define functions ¢; : P(X) — 2 by

=4 BT
Every such a function is of class 5. The function ¢ : P(X) — P(I) defined
as p(A) = {i € I : p;(A) =1} is also of class (. Since F € IV, [ (P(I)) we
have limy F; = o7 '[F] € I, 5, (P(X)).
The proof of part b) is similar: let S € X7, be a set separating the filter
F from its dual ideal and S; € ¢ 5 be sets separating the filters F; from
their dual ideals. Define functions v; : P(X) — 2 by

1 ,ifieJand A€ S;
vi(4) = { 0 ,if not
These functions are of class § + 1. The function ¢ : P(X) — P(I) defined
as Y(A) = {i € I : ¢;(A) =1} is also of class 8 + 1. Then the set ¢p~![9]
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belongs to X9, 5,1, (P(X)). Now it is sufficient to show that ¢~'[S] sepa-
rates limz F; from its dual ideal.

Because F; C S;, we have that ¢;[A] = 1 implies ¢;[A] = 1 for every i and
A. Tt follows in turn that limz F; = ¢ '[F] C ¥ '[F]. Since F C S, we
have limz F; C ¢~ '[S].

On the other hand, if A € (limgF;)", then {ie[: A€ F;} € F and
{iel:A¢F;} e F* Notice that

YAy cliel:Ae St c{iel - A¢F'}.
Hence (A) € F* and ¥(A) ¢ S. O

Actually in several cases we can estimate the ranks of limits of filters
even more precisely. But before showing this, we introduce a game G(F).

For a filter F, aset Z = {Z* : k € w} C Fin\ {0} is called F-universal
if for every element M € F there is k € w such that Z¥ C M. We say
that F is w-diagonalizable by F-universal sets if there are F-universal sets
Z, ={ZF: k € w} such that

VirerIneoViewZn N M # 0.

Next, for a filter F, the game G(F) is defined as follows: in the nth move

Player I plays an element C,, € F and then Player II plays a finite subset

F,, € F*; otherwise Player 11
wins. This game was investigated by Laflamme [9, Thm. 2.16] and Reclaw

of integers F,, C C,,. Player I wins when [ J

new

and Laczkovich [8], who gave the following characterizations:

Lemma 3.2. Player II has a winning strategy in G(F) if and only if F is

w-diagonalizable by F-universal sets.

Lemma 3.3. Player I has a winning strategy in G(F) if and only if F
contains an isomorphic copy of Ns.

Lemma 3.4. If F is a Borel filter, then G(F) is a determined game, i.e.,

one of the players has a winning strategy.

Now we can proceed to give a better upper estimate of the ranks of
F-limits.

Theorem 3.5. Let F be a Borel filter of rank 1 on a set I, J € F and
(Fi)ies be a family of filters on a set X such that for all i € J the rank of
the filter F; is less than or equal to a < wy. Then rk (limz F;) < a+ 1.

Proof. Let S; € 1Y, (X) be sets separating the filters F; from their dual
ideals. Since F is a Borel filter of rank 1, by Lemma 3.4 the game G(F) is
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determined, and by Lemma 3.3 together with Theorem 2.3 Player II has a
winning strategy. Then, by Lemma 3.2 there is a family {ij ke w}n co of
F-universal sets w-diagonalizing F. Let

s=Uun u s

nEw mew k>m i€ ZkNJ

This set is of additive class 1 + a + 1.
Moreover, if A € limz F;, then the set {i € I : A € S;} N J is an element of
F. So, there is n € w such that Z¥N{iel:Ae€S;}NJ # 0 for all but
finitely many k € w. Hence

EInEwEImevk>m3ieZ,’§ﬂJA S Sz

and A € S.

Conversely, if A € (limz F;)", then the set {i € I : A ¢ S;} is an element
of F. So, for every n € w there is k € w such that Z* N J c ZF C
{iel:A¢S;}. Since F has rank 1 (contains the Fréchet filter) and the
sets Z* are finite, we have an even stronger claim: for every n € w there are
infinitely many k € w such that Z¥NJ c {iel: A¢ S;}. Hence

vnEo.)VmGu.JE|k>mvi€Z§ﬁJ/4 §é Sz
and A ¢ S. O

Besides giving an exact outcome for the ranks of some Fubini sums, the
next Corollary shows that Theorem 3.5 is the best upper estimate for the
ranks of F-limits for F a Borel filter of rank 1 that we can get.

Corollary 3.6. Let F be a Borel filter of rank 1 on a set I and F; for
i € 1 be filters on D;, respectively. Let also G =F —> . . F; and J € F. If
tk(F;) = « for all i € J, then tk(G) = a+ 1.

el

Proof. According to Prop. 4.4 from [1] rk(G) > « + 1. Notice that the F-
Fubini sum of the family (F;),.,; can be represented as an F-limit of the

family of filters (ﬁ) R defined by
ic

el

It is easy to see that rk(F;) = rk(F;),for each i € I. Then Theorem 3.5
implies that rk(G) < a + 1, which finishes the proof. O

Immediately from induction based on Theorem 3.5, we obtain also the

following Corollary concerning filters of countable type:

Corollary 3.7. Ifn € w and F € §,, then tk(F) < n.
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4. THE LOWER ESTIMATE OF RANKS OF LIMITS OF FILTER SEQUENCES

Proposition 4.1. Let F be a filter on I and (F;),.; be a family of filters on
X. If there is J € F such thattk (F;) > 1 for eachi € J, then tk (limz F;) >
1.

Proof. Since rk (F;) > 1 for i € J, these filters are free and therefore contain
the Fréchet filter. Since J € F the filter limx F; also contains the Fréchet
filter, and so has positive rank. O

Remark 4.2. The family of Katétov filters defined in Subsection 2.3 can
be extended to w;. We omit the definition of filters /\/’7 for w < v < wy;
however, it can be found in [1]. Theorem 2.2 can also be generalized: for
every a < wy, the filter NV, has rank « (cf. [1, Thm. 6.5]).

Now we can proceed to show that the estimate from Proposition 4.1 is
the best of this kind that we are able to get.

Lemma 4.3. Filters N, for 1 <~ < w; have the following property: there
is an infinite family of pairwise disjoint infinite sets (Z;),c,, such that for

any subset M C dom (N,), if Z; \ M is infinite for all i € w, then M ¢ N,.

The above Lemma is a simple conclusion based on the definition of filters

N,; therefore we omit the proof.

Lemma 4.4. For every positive ordinal number a < wy, there exist two
filters Gy and G of rank o such that Gy N Gy has rank 1.

Proof. Set o < w; and let (Z;),., be the family from Lemma 4.3 for the
filter NV,. Let now m,m : w — dom (N,) be any bijections satisfying
\mo ' [Zi) N[ Z]] = w, for all 4, j € w. Define filters Gy and G; as follows:

M € gk <:>7Tk{M] eNou

for k € {0,1}. They are isomorphic with N, and therefore have rank «.
Notice that Gy N G; contains N (since filters Gy and G; both contain it), so
rk(Go N Gy1) > 0.

Observe also that for & € {0, 1} the family (ng[Zl-])iEW for Gi has the same
property as the family (Z;),.,, for the filter Nj,.

The filter GyNG; is analytic, so by using Theorem 2.3 it suffices to show that
Ny IZ GoNGy. Let 7 : w — w? be any bijection and denote F; = 77! [{i} x w].
There are two possible cases:

1. Suppose that there are k € {0,1} and iy € w such that m; '[Z;,] is covered
by finitely many E;, i.e., 7}, '[Zi,] C U;cp Ei for some finite set T. We can
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assume that k = 1. The set ;4 ({i} X w) is an element of N3, but its
preimage under 7, {J,gr E;, is disjoint with 7 '[Zs,]. Therefore for every j
we have

7o (ZIN | B o 75 [ Z] N [ Zs,)-

i¢T

By the definition of 7y and 7 the intersection 7 '[Z;,] N7y '[Z;] is infinite.
Hence Uiﬂ E; is not an element of G.
2. Suppose that none of the sets 7 '[Z;] are covered by finitely many E;.
For each i € w let S; be a selector of the family

{mi'Z)NE;:j>iand 7' [Z]NE; #0}.

Since for each j € w

Ej N U Sil <Jj <w,
1EW
we have
T [w\USZ] € Ns.
1EW
However, the preimage of this set under 7 is not an element of Gy, since for
each j € w
U Sz N W;l[Zj] = ‘SJ N W;l[Zj]| = W.
S
Hence N; IZ Gy N G;. O

Theorem 4.5. For all ordinals o, B < wy where a > 0, there are a filter F
of rank B and a family of filters (F;)icdom(r) of ranks o such that limz F;

has rank 1.

Proof. Let Gy and G; be filters from Lemma 4.4 and F be any (non-maximal)
filter of rank £ (for instance F can be the filter Ny defined in [1]). Since F is
not an ultrafilter, we can find a set H such that H ¢ F and dom (F)\H ¢ F.
Set F; = Go for i € H and F; = G; for i ¢ H. Then limz F; is equal to
Go NGy, and so is of rank 1. O

5. SOME FACTS CONCERNING FILTERS OF COUNTABLE TYPE

Following Laflamme (cf. [9]), we call a filter diagonalizable if there is
infinite set A such that A C* M for each set M from the filter. A filter is w-
diagonalizable if there is a countable family of infinite sets 4 = {A,, : n € w}
such that for each set M from the filter, there is n € w with A,, C M.

Proposition 5.1. If F is a filter of countable type, then F either is w-
diagonalizable or is of the form Fa for some finite set A.
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Proof. Let § be a family of all filters of countable type which either are w-
diagonalizable or of the form F,4 for some finite set A. Of course § contains
all principal ultrafilters since they are of the form Fy;, for some k € w.
We will show that § is closed under countable intersections and increasing
countable unions.

Let Fi,F,... € §. Assume first that one of them is w-diagonalizable by

some countable family. Then, the filter () . F, is also w-diagonalizable by

necw
the same family. Assume now that all of them are of the form F,, = Fu,
for some finite sets A,,. Then

() Fn = Fa,

new

where E = (J, ., An. If E is finite, then this intersection belongs to § by
definition. Otherwise the filter (1, .,
it is w-diagonalized by the family {E'}.

F, is diagonalized by the set E. Hence

Now let Fi,Fs,... € § be a family of increasing filters. If each F,, is w-
diagonalized by A, then {J, ., 7 is w-diagonalized by | J,,., An. Otherwise,
there is n € w such that F,, = F4, for some finite set A. Then all of the filters
Fi for k > n are of the form Fp for B C A. Since A is finite, this family
Fn is
also generated by this subset. O

stabilizes on a filter generated by a certain subset of A. Hence J,,.,

Proposition 5.2. If F is a P-filter of countable type containing a Fréchet
filter, then it is diagonalizable.

Proof. Let A ={A,, :n € w} be a family of infinite sets w-diagonalizing F
and assume that none of the sets A, diagonalizes F. So, for each n € w
there is B, € F such that A, \ B, is infinite. Since F is a P-filter, there is
B € F such that for all n € w we have B C* B,,. But then A,, \ B is infinite
for each n € w. This is a contradiction. U

The next example shows that for a filter F of countable type, ct(F) and
rk(F) can differ.

Example 5.3. Let F = {w} x Fp, = ({0} x Fin)" (cf. [3, Ex. 1.2.3])
and denote N = {M : |C'\ M| < w}. Notice that if (F,), ., is a sequence
of filters of the form Nl{i}xw and each of them appears in the sequence
infinitely many times, then F = limz, JF,. This in turn causes that F € §,.
Consider filters of the form limg, Fy,,) € §1 for some points x, € w to see
that ct(F) = 2. Each such a filter either is not free (if some point repeats
infinitely many times in the sequence (z,),,) or is of the form N for
C = U,c, {z:}, although F is a free filter not of the form N{. Finally,
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notice that there is an infinite set A = {0} x w diagonalizing F (so its

trace on A is a Fréchet filter). Any bijection between w and A is therefore

a quasi-homomorphism from N to F ensuring that rk(F) = 1.

1]

[10]

[11]
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